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S=1 chain with strong easy-plane anisotropy
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S =1 compound
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We report a study of the low-temperature thermal conductivity of NiCl2-4SCðNH2Þ2, which is a spin-1

chain system exhibiting the magnon Bose-Einstein condensation (BEC) in a magnetic field. It is found that

the low-T thermal conductivity along the spin-chain direction shows strong anomalies at the lower and

upper critical fields of the magnon BEC state. In this state, magnons act mainly as phonon scatterers at

relatively high temperature, but change their role to heat carriers upon temperature approaching zero. The

result demonstrates a large thermal conductivity in the magnon BEC state and points to a direct analog

between the magnon BEC and the conventional one.
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Bose-Einstein condensation (BEC) denotes the forma-
tion of a collective quantum ground state of identical
particles obeying Bose statistics. This fascinating state of
matter is well established for liquid 4He and ultracold
alkali atoms. It turns out that a form of BEC can also be
observed in quantum magnets [1–5], in which the density
of magnons (bosons) can be tuned by an external magnetic
field (playing the role of chemical potential). Recently, this
so-called magnon BEC state has been experimentally real-
ized in a growing number of dimerized spin-1=2 systems,
such as the three-dimensional system TlCuCl3 [6,7],
the quasi-two-dimensional system BaCuSi2O6 [8,9], and
the spin-ladder compounds ðCH3Þ2CHNH3CuCl3 and
ðC5H12NÞ2CuBr4 [10,11], etc. A common characteristic
of these quantum magnets is the spin-gapped ground state
at zero field. The external magnetic field can close the spin
gap and lead to a long-range antiferromagnetic (AF) order
when the Zeeman energy overcomes the gap between the
singlet ground state and the excited triplet states. It is
notable that some alternative theories have also been pro-
posed to explain the field-induced AF ordered state in
quantum magnets, challenging the validity of the magnon
BEC scenario for these systems [12,13]. To firmly establish
the BEC of magnons and to develop a deeper understand-
ing of this novel state of matter, it would be desirable to
look for obvious analogs in the basic physical properties
between the magnon BEC and the conventional one. One
of the outstanding properties of the superfluid 4He is the
extremely large thermal conductivity (!) [14,15], which is
well understood using the two-fluid model. It is natural to
ask whether the thermal conductivity (by magnons) in the
magnon BEC state behaves similarly to that in the super-
fliud 4He. The first experimental exploration done by Kudo
et al. [16] did reveal an enhancement of thermal conduc-
tivity at the magnon BEC transition of TlCuCl3. However,
without carefully studying the anisotropic heat transport, it
is not clear whether the enhancement is caused by the
weakening of phonon scattering or the appearance of mag-
netic heat carriers.

The organic compound NiCl2-4SCðNH2Þ2 [dichloro-
tetrakis thiourea-nickel (II), abbreviated as DTN] is the
only quantum spin-1 system, rather than spin-1=2 dimers,
to exhibit the BEC of spin degrees of freedom [17–22]. It
has a tetragonal crystal structure (space group I4) [23],
which satisfies the axial spin symmetry requirement for a
BEC. The Ni spins are strongly coupled along the tetrago-
nal c axis (Fig. 1), making DTN a system of weakly
interacting spin-1 chains with single-ion anisotropy larger
than the intrachain exchange coupling. The anisotropy,
intrachain, and interchain exchange parameters of Ni spins
were determined to be D ¼ 8:9 K, Jc ¼ 2:2 K, and Ja;b ¼
0:18 K [17–20], respectively. It was found that the Ni spin
triplet is split into a Sz ¼ 0 ground state and Sz ¼ %1
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FIG. 1 (color online). Temperature-field phase diagram of
DTN (H k c) obtained from magnetization, specific heat, and
magnetocaloric effect measurements [17–20]. PM and SP rep-
resent the low-field quantum paramagnetic state and high-field
spin-polarized state, respectively. Magnon BEC is a magnetic-
field-induced AF ordered state, with the lower and upper critical
fields Hc1ð&2 TÞ and Hc2ð&12 TÞ. The maximum of field-
dependent critical temperature is about 1.2 K, where Hc1 and
Hc2 merge. Inset: Unit cell of tetragonal structure showing Ni
and Cl atoms. The other atoms are omitted for clarity.
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Introduction. NiCl2-4SC(NH2)2 (dichlorotetrakisthiourea–
nickel abbreviated as DTN) J = 2.2K, D = 8.9K (I in-

cluded already some references that can be used is introduc-
tion [1–8])

We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
!

i=1

Si · Si+1 +D
L
!

i=1

(Sz
i )

2 + h
L
!

i=1

Sz
i , (1)

here Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
"

e−ıΩtS+
tot + eıΩtS−

tot

#

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
$

i S
±
i

are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
$

i S
α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =

$

i S
z
i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A
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Effective model

S =1/2 Antiferromagnetic Heisenberg Model 

1.1 heisenberg hamiltonian 9

state, with three phases separated by critical magnetic fields h1 and h2 (h2 is
valid for � & 1) [22–24],

h1 = 1+� , h2 = 4⇡ exp

"

-
⇡2

2
p
2(�- 1)

#

. (1.16)
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Figure 1.3: Ground state phase diagram of the XXZ model with magnetic field h. (a)
ferromagnetic, gapped regime (FM GS), (b) massless, gapless regime, (c)
antiferromagnetic, gapped regime (AHM GS).

In the ferromagnetic (FM) Ising phase, � < -1 for zero field or in general
� < h1/J, the GS is the saturated state with all spins aligned in either in z or
-z direction - see Fig. 1.4(a) - with Sztot = ±L/2, similar to the FM Heisenberg
model (J < 0). For h/J = 0 the GS picks out a particular direction in space
and spontaneously breaks the rotational invariance (symmetry) of H. It is clear
that the FM GS have long–range order since the correlation between spins
stays finite at arbitrarily large distances. This region is gapped, which means
that there is a minimum, nonzero energy cost to create an excitation.

In the opposite limit � > 1 for h = 0 (or � > h2/J for general h) the
excitation spectrum is also gapped and has AFM GS. In the � � 1 limit the
model Hamiltonian Eq. (1.6) simplifies to

HI = J

LX

i=1

SziS
z
i+1 , (1.17)

the so–called Ising model, and it was first proposed by Ernest Ising in 1925

[25] in order to explain ferromagnetism. The GS of this model is the Néel state
- state of alternating (with a period of two lattice sites) spins with Sztot = 0 - see
Fig. 1.4(b).

For anisotropy |�| 6 1 for h = 0 (or h1/J < � < h2/J) the phase is charac-
terized by a gapless excitation continuum in the thermodynamic limit (every
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8

ω0/J ∼ 2π/L.36,37 The latter completely dominates the low–
ω behavior of κQQ(ω) in the thermodynamic limit (L → ∞).
Therefore, to capture this finite–size effect, in the following
we will consider integrated conductivity IQQ(ω0) (depicted
as shaded area on Fig. 7).

To gain insight into the origin of the slowly decaying Drude
weight at low–T let us consider thermal transport in the ef-
fective low–energy S = 1/2 Hamiltonian (4). The heat

current !JQ is defined for this model in the same way, i.e.,
!jQi − !jQi−1 = −ı[ !H, !Hi−1] with !H =

"
i
!Hi, leading to

!JQ =
#

n

$
4J2!Sn−1 ·

%
!Sn × !S′

n+1

&
+ !H!jSn

'
, (15)

with !S′
n = (!Sx

n, !Sy
n,∆!Sz

n). Other definitions and properties
of the currents and conductivity remain the same - Eq. (7)-

(10),(12) - with appropriate !Jα, α = Q,E, S and !J = 2J .
It is know that the S = 1/2 Heisenberg model is inte-

grable with heat current being one of the conserved quanti-

ties, [ !JQ, !H] = 0, leading directly to its nondecaying behav-
ior and within the linear response to infinite thermal conduc-
tivity. Also, the integrability of the model (4) makes the cal-

culation of !DQQ feasible in the thermodynamic limit. As a
consequence of Eq. (12), one can decompose Drude weight in
therms of the energy and spin contribution

!DQQ = !DEE + 2β !H !DES + β !H2 !DSS , (16)

where Drude weights are defined in Eq. (10), with r = 1 for
i = j = Q or i = j = E, and r = 0 for i = j = S or
i = E, j = S.

The !DEE and !DES at finite temperatures have been cal-
culated by Sakai and Klümper30 using a lattice path integral
formulation, where a quantum transfer matrix (QTM) in the
imaginary time is introduced. Correlations and thermody-
namic quantities can be evaluated in terms of the largest eigen-
value of the QTM. The importance of this method yields to the
fact that all quantities are found by solving a set of nonlinear
integral equations at arbitrary magnetic fields, temperatures
and anisotropy parameters. Here we repeat the calculation us-
ing ∆ = 1/2.

On the other hand, spin Drude weight !DSS at finite mag-
netic field is computed based on a generalization of a method

that was proposed by Zotos,38 where !DSS was calculated us-
ing the Bethe ansatz technique at zero magnetic field. The
presence of magnetic field will cause some changes to the
TBA equations39, but the overall analysis is essentially the
same.

In Fig. 10 we compare !DQQ for the S = 1/2 model with
the numerically obtained integrated conductivity IQQ at ω0

for the S = 1 model on L = 16 sites. As is clearly visible, the
overall agreement is satisfactory. The magnetic field depen-

dence of Drude weight !DQQ includes all characteristic fea-
tures of the S = 1 low–ω behavior. From the results obtained
for the thermal transport, as in the case of magnetization and
specific heat, we observe that the mapping is much more accu-
rate close to H2 than close to H1. Also, due to spin–inversion
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Figure 10: (Color online) Comparison of S = 1 integrated conduc-
tivity IQQ(ω0) at ω0 = 2π/L for L = 16 with exact S = 1/2 Drude

weight !DQQ calculated in the thermodynamic limit for T = 0.5, 1
and 2 as a function of the magnetic field H .

symmetry, the S = 1/2 results are symmetric with respect to

H = 5 ( !H = 0), where lack of such a symmetry for the S = 1
model is expected.

Let us now comment on the magnetothermal corrections
(MTC) to heat conductivity, Eq. (7), for S = 1/2 model. Fre-
quency depended thermal conductivity κ can be written in the
same form as Eq. (8), with the weight of the singular part
given by:29

!Kth = !DQQ − β !D2
QS/ !DSS , (17)

where r = 0 for i = Q, j = S. Both of the two competing

terms that contribute to !Kth become important at finite mag-
netic fields. In Fig. 11 we depict the magnetic field depen-

dence of !DQQ, !Kth and the MTC term at fixed temperature
(a) T/J = 0.5 and (b) T/J = 1, as have been calculated for
the S = 1/2 model (4).

As expected, the MTC term is exactly zero at the zone cen-

ter ( !H = 0) but it becomes finite at finite H , where we see a
bell curve behavior, with the peak centered close to the crit-
ical fields at low–T . Upon increasing T , the position of the
first (second) peak is shifted to lower (higher) magnetic fields.

While !DQQ exhibits a pronounced nonmonotonic behavior as
a function of H , with two peaks centered close to the critical
fields, the inclusion of the second term of Eq. (17) results in

an overall suppression of the !Kth and the cancellation of this
behavior. This finding is confirmed by a numerical study of
the thermal transport in the S = 1/2 XXZ chain in the pres-
ence of magnetic field32 based on exact diagonalization of a
finite chain.

In all cases considered here, the thermal conductivity at
T < J has maximum located at H ≃ Hm = (H1 + H2)/2.
However, this is not what is observed in the experiment. The
thermal conductivity measurements at low–T of the DTN
compound28,40 exhibit sharp peaks in the vicinity of critical
fields H1,2. Detail analysis of spin contribution to the total
thermal conductivity is a nontrivial task due to presence of

Thermal conductivity of large-D S =1 system 
at low-T is strongly influenced 

by underlying integrable S =1/2 Hamiltonian

7

that is activated aroundω/J ! D. The spectral representation
of κQQ(ω) of Eq. (9) implies that nonzero matrix elements
exist only for states |n⟩ and |m⟩ which obey the ∆Sz = 0
and ∆k = 0 selection rules. At low enough T , the high
frequency part of κreg

QQ(ω) should be dominated by transi-
tions between the ground state and the next in energy state
with the same total magnetization. As mentioned already, for
H < H1, the ground state |Ω⟩ carries zero azimuthal spin
Sz = 0 and the elementary excitations are the degenerate
Sz = 1 excitons and Sz = −1 antiexcitons with energy mo-
mentum dispersion ϵ(k).3 The next in energy state that be-
longs to the total Sz = 0 subspace is constructed by an ex-
citon with crystal momentum k1 and an antiexciton with k2
and energy equal to ϵ(k1)+ ϵ(k2), which will be referred to as
exciton–antiexciton continuum. Therefore, at low–T , the sim-
plest possibility is a transition between the ground state and
the exciton–antiexciton continuum at k = k1+k2 = 0, result-
ing contributions from a band of frequencies with boundaries
lines ωα,β , where

ωα,β = 2D ∓ 4J + 2J2/D ± J3/D2 . (14)

In Fig. 8 we plot the frequency dependence of κQQ(ω) at
H = 2 and relatively low temperature T/J = 1. As pre-
dicted, the high–frequency part of κreg

QQ(ω) is activated at fre-
quencies around ωα and terminates at ωβ , a result consistent
with the preceding analysis.
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Figure 8: (Color online) Frequency dependence of κQQ(ω) at H =
2 and T/J = 1. Labels ωα,β indicate the boundaries of the band
with nonvanishing weight at low–T .

For H > H2 the ground state is fully polarized with
no other state sharing the same Sz subspace, therefore it is
expected that contributions at high frequencies will vanish.
This is supported by our numerical results and is evident in
Fig. 7(a), where for H ≥ H2 only the ω ∼ 0 contributions
are present. In the intermediate phase for H1 < H < H2,
the elementary excitations are difficult to calculate and there
can be no analytical predictions such as lines ωα,β . From the
numerical data presented in Fig. 7(a) we conclude that for
H1 < H < H2 the high–ω part of κreg

QQ(ω) is active at a
band roughly between lines ωα and ωβ with intensity that is
gradually reduced as H → H2.

Several conclusions can be drawn also for ω → 0 behavior
of κQQ(ω). To begin with, in Fig. 7(b) an anticipated result
for nonintegrable systems is illustrated, namely that Drude
weight DQQ vanishes for high temperatures. On the other
hand, at low temperatures, DQQ remains finite at any value
of H , as can be seen in Fig. 7(a). Moreover, for H ≥ J
the ω ∼ 0 contributions are dominant in the total sum rule
IQQ(ω = ∞) and almost all weight is in Drude weight it-
self. Since the model (1) is nonintegrable one would expect
that DQQ is vanishing exponentially fast (at least for T → ∞)
with system size L, leading to diffusive transport in the ther-
modynamic limit.33,34
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In order to clarify this, we present in Fig. 9 inverse sys-
tem size 1/L scaling of the DQQ for various values of T and
H . For T ≫ J the Drude weight is indeed vanishing expo-
nentially fast, consistent with diffusive transport. However,
this is not the case for low–T , where the scaling of DQQ

seems to weekly depend on system size. The choice of H ,
that determines whether the system is in the gapped or gap-
less phase, does not seem to affect this scaling. Yet, a finite
value of DQQ in the thermodynamic limit is one of the fea-
tures of integrable systems,35 which is clearly not the case of
the considered model (1).33,34 One of the possible explana-
tions of this phenomenon is that the intrinsic diffusive pro-
cesses at low–T , that will result in a zero DQQ in the thermo-
dynamic limit, become effective beyond the reachable system
size or the energy resolution of the method presented here. As
a result, it is expected that as one increases the system size,
the spectral weight from DQQ shifts to κreg

QQ(ω < ω0), with

Thermal conductivity
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at (a) T/J = 10 and (b) T/J = 1, obtained for systems with L =
6, . . . ,16 sites with various magnetic fields H/J = 2,4,8,10.

for nonintegrable systems is illustrated, namely, that Drude
weight DQQ vanishes for high temperatures. On the other
hand, at low temperatures, DQQ remains finite at any value of
H , as can be seen in Fig. 7(a). Moreover, for H ! J the ω ∼ 0
contributions are dominant in the total sum rule IQQ(ω = ∞)
and almost all weight is in Drude weight itself. Since the
model (1) is a nonintegrable, one would expect that DQQ is
vanishing exponentially fast (at least for T → ∞) with system
size L, leading to diffusive transport in the thermodynamic
limit [1,34].

In order to clarify this, we present in Fig. 9 inverse system
size 1/L scaling of the DQQ for various values of T and H .
For T ≫ J the Drude weight is indeed vanishing exponentially
fast, consistent with diffusive transport. However, this is not
the case for low T , where the scaling of DQQ seems to weakly
depend on system size. The choice of H that determines
whether the system is in the gapped or gapless phase does
not seem to affect this scaling. Yet, a finite value of DQQ in
the thermodynamic limit is one of the features of integrable
systems [35], which is clearly not the case of the considered
model (1) [1,34]. One of the possible explanations of this
phenomenon is that the intrinsic diffusive processes at low
T , that will result in a zero DQQ in the thermodynamic
limit, become effective beyond the reachable system size
or the energy resolution of the method presented here. As
a result, it is expected that as one increases the system
size, the spectral weight from DQQ shifts to κ

reg
QQ(ω < ω0),

with ω0/J ∼ 2π/L [36,37]. The latter completely dominates
the low-ω behavior of κQQ(ω) in the thermodynamic limit
(L → ∞). Therefore, to capture this finite-size effect, in the
following we will consider integrated conductivity IQQ(ω0)
(frequency ω0 is depicted as vertical dashed line in Fig. 7).

To gain insight into the origin of the slowly decaying
Drude weight at low T , let us consider thermal transport in
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FIG. 10. (Color online) Comparison of S = 1 integrated conduc-
tivity IQQ(ω0) at ω0 = 2π/L for L = 16 with exact S = 1/2 Drude
weight !DQQ calculated in the thermodynamic limit for T = 0.5,1,
and 2 as a function of the magnetic field H .

the effective low-energy S = 1/2 Hamiltonian (4). The heat
current !JQ is defined for this model in the same way, i.e.,
!jQ
i − !jQ

i−1 = −ı[ !H, !Hi−1] with !H =
"

i
!Hi , leading to

!JQ =
#

n

$
4J 2!Sn−1 · (!Sn ×!S′

n+1) + !H!jS
n

%
, (15)

with !S′
n = (!Sx

n ,!Sy
n ,$!Sz

n). Other definitions and properties of
the currents and conductivity remain the same [Eqs. (7)–(10)
and (12)] with appropriate !Jα , α = Q,E,S, and !J = 2J .

It is known that the S = 1/2 Heisenberg model is integrable,
with heat current being one of the conserved quantities,
[ !JQ, !H] = 0, leading directly to its nondecaying behavior and
within the linear response to infinite thermal conductivity.
Also, the integrability of the model (4) makes the calculation
of !DQQ feasible in the thermodynamic limit. As a consequence
of Eq. (12), one can decompose Drude weight in terms of the
energy and spin contribution,

!DQQ = !DEE + 2β !H !DES + β !H 2 !DSS, (16)

where Drude weights are defined in Eq. (10), with r = 1 for
i = j = Q or i = j = E, and r = 0 for i = j = S or i =
E, j = S.

The !DEE and !DES at finite temperatures have been calcu-
lated by Sakai and Klümper [31] using a lattice path integral
formulation, where a quantum transfer matrix (QTM) in the
imaginary time is introduced. Correlations and thermodynamic
quantities can be evaluated in terms of the largest eigenvalue
of the QTM. The importance of this method yields to the
fact that all quantities are found by solving two nonlinear
integral equations at arbitrary magnetic fields, temperatures,
and anisotropy parameters. Here we repeat the calculation
using $ = 1/2.

On the other hand, spin Drude weight !DSS at finite magnetic
field is computed based on a generalization of a method
that was proposed by Zotos [38], where !DSS was calculated
using the Bethe ansatz technique at zero magnetic field. The
presence of magnetic field will cause some changes to the TBA
equations [15], but the overall analysis is essentially the same.

In Fig. 10 we compare !DQQ for the S = 1/2 model with the
numerically obtained integrated conductivity IQQ at ω0 for the
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FIG. 1. (Color online) The magnetic field dependence of magne-
tization M at fixed temperature (a) T/J = 0.02 and (b) T/J = 0.2.
The solid line corresponds to TMRG results obtained for the S = 1
large-D chain and the dashed line corresponds to TBA results
obtained for the S = 1/2 XXZ chain. Vertical lines indicate the
location of critical fields H1/J = 2.28 and H2/J = 8. Satisfactory
agreement between the two models is achieved, particularly close to
H2 where the two curves are indistinguishable.

exponent δ = 2 are the S = 1/2 ladders [17] and the S = 1/2
bond-alternating chain [18].

The zero temperature magnetization of the S = 1/2 XXZ
model is based on a Bethe ansatz solution of the Hamiltonian.
More specifically, C. N. Yang and C. P. Yang [19] studied the
ground state energy as a function of " and magnetization, and
among the various results, they proved that !M close to !Hc

behaves as follows:

!M = 1
2

− 1
π

"
!Hc − !H for !H < !Hc,

(6)
!M = −1

2
+ 1

π

"
!H − !Hc for !H > − !Hc.

Note that the dependence of !M on the anisotropy constant
" enters only through the critical field !Hc = 2J (1 + ") and
thus does not affect the value of the critical exponent δ = 2.
However, finite temperature will cause a smoothing in the
shape of the !M( !H ) curve close to !Hc.

In Fig. 1 we depict the magnetic field dependence of
magnetization M for a S = 1 large-D chain, superimposed
with the magnetization !M + 1/2 for the S = 1/2 XXZ chain
for (a) T/J = 0.02 and (b) T/J = 0.2. Among the facts
that become apparent are the following: (i) Temperature
T/J = 0.02 is considered to be low enough that the anticipated
square-root behavior is evident for both models. The critical
exponent is extracted and is found to be δ ≃ 2 close to H1,
as well as close to H2. This foreseen result renders model (1)
in the same universality class as the Haldane or S = 1/2 XXZ
chain. (ii) As mentioned already, we expect that the mapping
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FIG. 2. (Color online) The temperature dependence of magneti-
zation for (a) the S = 1 large-D model and (b) the S = 1/2 XXZ
model, for various fields. Dots indicate the position of extrema that
correspond to the Luttinger liquid crossover. Tc decreases toward
T = 0 as H approaches H1 or H2.

close to H2 is more accurate than close to H1. This expectation
is verified by the magnetization curves close to H2 which are
indistinguishable.

Let us now focus on the temperature dependence of
magnetization for a wide range of fixed magnetic fields, as
illustrated in Fig. 2. For H < H1, magnetization vanishes
exponentially toward T = 0; for H > H1, a minimum appears
at low temperatures that persists up to Hm = (H1 + H2)/2,
whereas maxima occur at larger magnetic fields for Hm <
H < H2. A further increase of the magnetic field will reopen
the gap, and for H > H2 the M(T ) curve decreases with
increasing temperature and vanishes exponentially. In Fig. 2(a)
we present the above-described behavior of M and the position
of the extrema Tc is indicated by dots.

The presence of minima and maxima at low temperatures
is not a surprising result, since similar features were found
for systems of S = 1/2 ladders [20–22,24] and Haldane
chains [25], where this nontrivial behavior was interpreted
as a Luttinger liquid (LL) crossover, with Tc corresponding to
the temperature below which the description of the system in
terms of a LL is valid.

Here we examine this behavior in terms of the S = 1/2
model, and in Fig. 2(b) we have plotted the temperature
dependence of magnetization for the same values of magnetic
field. For small values of temperature, magnetization behaves
in a similar way, with a minimum or maximum being present
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FIG. 2. (Color online) Time-evolution of magnetization along z-
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behavior in terms of mapping to an effective static model
combined with exact diagonalization results.

III. MAPPING TO A STATIC MODEL

The dynamics of the present system can be understood
by mapping it onto a system described by an effective static
model using a unitary transformation. The time-dependent
Schrödinger equation for the original Hamiltonian (2) is

[i∂t − H(t)]|%(t)⟩ = 0.

If we move on to a reference frame rotating with the
magnetic component of laser using a unitary transformation
U = exp(i#Sz

tott), the new state |% ′(t)⟩ = U |%(t)⟩ satisfies

U [i∂t − H(t)]U †|% ′(t)⟩ = 0.

With the commutation relations,

[U,i∂t ]U † = #Sz
tot,

[U,H(t)]U † = −A(e−i#t [U,S+
tot] + ei#t [U,S−

tot])U
†

= −A[S+
tot(1 − e−i#t ) + S−

tot(1 − ei#t )]

= −2ASx
tot + A(e−i#t S+

tot + ei#t S−
tot),

the Schrödinger equation is cast into the form
!
i∂t −

"
H0 − 2ASx

tot − #Sz
tot

#$%%% ′(t)⟩ = 0.

Thus we end up with an effective static Hamiltonian

H′ = H0 − 2ASx
tot − #Sz

tot, (3)

which is simply a spin system in a slanted magnetic field Beff =
(B,0,#) with B = 2A [Fig. 4(a)]. We note that this mapping
is applicable to arbitrary lattice structures other than the chain
considered here. We also note that the effective description has
resemblance with the problem of electron spin resonance (e.g.,

EFloq
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FIG. 4. (Color online) (a) The unitary transformation into a
rotating frame maps the spin system in a circularly polarized laser with
amplitude B and frequency # to a static spin model with a slanted
magnetic field Beff = (B,0,#). (b) An effective description of the
laser-induced magnetization. The magnetic field in the z direction #

shifts the many-body energy levels with a “Zeeman splitting.”
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We theoretically predict a nonequilibrium phase transition in quantum spin systems induced by a laser, which
provides a purely quantum-mechanical way of coherently controlling magnetization. Namely, when a circularly
polarized laser is applied to a spin system, the magnetic component of a laser is shown to induce a magnetization
normal to the plane of polarization, leading to an ultrafast phase transition. We first demonstrate this phenomenon
numerically for an S = 1 antiferromagnetic Heisenberg spin chain, where a new state emerges with magnetization
perpendicular to the polarization plane of the laser in place of the topologically ordered Haldane state. We then
elucidate its physical mechanism by mapping the system to an effective static model. The theory also indicates
that the phenomenon should occur in general quantum spin systems with a magnetic anisotropy. The required
laser frequency is in the terahertz range, with the required intensity being within a prospective experimental
feasibility.
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I. INTRODUCTION

There is a growing fascination with physics of nonequi-
librium systems, which is becoming an important topic in
condensed-matter and other fields of physics. For electron
systems, a host of novel phenomena induced in nonequilib-
rium situations, such as photoinduced Mott transitions [1–3],
photoinduced topological transitions [4–7], etc., have been
fathomed. Nonequilibrium physics is explored in cold atoms as
well, where quantum simulation is being realized [8,9]. Now,
we pose a question: can we propose novel nonequilibrium
phenomena for quantum spin systems as opposed to electron
systems? Spin systems are a distinct class of many-body
systems, having various possibilities as in recent spintronics,
so nonequilibrium phenomena are highly intriguing. Here we
propose a novel, nonequilibrium way to coherently control
many-body states in spin systems with intense laser fields.
In contrast to the control of single quantum states, e.g.,
qubits, which is becoming important in the field of quantum
computation [10], we want to develop a method to control
collective phenomena, such as phase transitions, with a laser.

One way to control electron and atomic systems coherently
is to exploit an interaction between matter and laser. Control
of spin systems in condensed matter by lasers is becoming a
realistic as well as fascinating topic due to recent experimental
advances [11–13]. The key in our study is to use a magnetic
component of circularly polarized lasers with photon energy
far below the electron energy scale. It was in fact demonstrated
recently that a magnetic field of lasers in the terahertz
(THz) regime can directly access the spin dynamics without
disturbing the charge degrees of freedom of electrons [11].
This enables us to focus on coherent spin dynamics since
incoherent processes arising from charge excitations can
be prevented. While the setup of Ref. [11] is within the
linear-response regime, here we explore a nonequilibrium
avenue in the nonperturbative regime, where we propose
that a “laser-induced phase transition” with perfect quantum
coherence can be realized. Namely, a circularly polarized
laser is shown to induce a net magnetization in quantum

antiferromagnets. Most of the previous studies about spin
pumping [14] or spintronics [15] focus on controlling some
existing magnetization by a spin torque, which is in sharp
contrast with the present nonequilibrium phenomenon where
the magnetization rises from zero in a direction perpendicular
to the polarization plane of the laser as a purely quantum-
mechanical effect.

We first demonstrate the dynamical induction of mag-
netization numerically with the infinite time-evolving block
decimation (iTEBD) [16,17] for one-dimensional spin chains.
The iTEBD is a numerical method that exploits a matrix-
product state representation, and can deal with infinite systems
(i.e., free of finite size effects) by imposing a spatial periodicity.
Through imaginary-time and real-time evolutions, we can
obtain the ground state and dynamics of a system, respectively.

Dynamical phase transitions require a theoretical treatment
that goes beyond the linear-response theory. The Floquet
theory is becoming a standard picture for studying quantum
systems under time-periodic driving [5–7,18]. Namely, the
time periodicity enables us to cast a time-dependent problem
into a static effective model governed by the Floquet Hamil-
tonian. This has proved to be a useful method in the theory
of “Floquet topological insulators” [5–7], and has also been
applied to many-body problems such as a photoinduced Mott
transition [18]. We find here that we can map spin systems
in a circularly polarized laser onto static effective systems
in a slanted magnetic field using unitary transformation
into a rotating frame, or equivalently the Floquet theory.
The emergence of the laser-induced magnetization can be
understood from this static model, which we confirm by
comparing exact diagonalization results with iTEBD. Since
the above discussion is also applicable to systems with spatial
dimensions higher than one, they should accommodate the
induction of magnetization as well.

While the magnetization can be induced in any dimensions,
one-dimensional antiferromagnets have, quantum mechani-
cally, a special interest. The system is known to be gapless if the
size of each spin S is a half-odd-integer, and gapped if S is an
integer. This is the celebrated Haldane’s conjecture [19], now
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Introduction. NiCl2-4SC(NH2)2 (dichlorotetrakisthiourea–
nickel abbreviated as DTN) J = 2.2K, D = 8.9K (I in-

cluded already some references that can be used is introduc-
tion [1–8])

We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
!

i=1

Si · Si+1 +D
L
!

i=1

(Sz
i )

2 + h
L
!

i=1

Sz
i , (1)

here Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
"

e−ıΩtS+
tot + eıΩtS−

tot

#

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
$

i S
±
i

are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
$

i S
α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =

$

i S
z
i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A
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tion [1–8])

We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
!

i=1

Si · Si+1 +D
L
!

i=1

(Sz
i )

2 + h
L
!

i=1

Sz
i , (1)

here Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
"

e−ıΩtS+
tot + eıΩtS−

tot

#

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
$

i S
±
i

are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
$

i S
α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =

$

i S
z
i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A
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tion [1–8])

We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
!

i=1

Si · Si+1 +D
L
!

i=1

(Sz
i )

2 + h
L
!

i=1

Sz
i , (1)

here Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
"

e−ıΩtS+
tot + eıΩtS−

tot

#

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
$

i S
±
i

are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
$

i S
α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =

$

i S
z
i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A

(1) Calculate ground state of H0
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We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
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i=1

Si · Si+1 +D
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i=1
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2 + h
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i=1
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i , (1)

here Si = (Sx
i , S
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i , S
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i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
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e−ıΩtS+
tot + eıΩtS−
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, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
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are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
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α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =
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i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A
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Time evolution of the magnetization is studied numerically within large anisotropy S = 1 Heisenberg chain
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Control of transport properties of quantum many–body sys-
tem by means other than magnetic is of strong current inter-
est. Especially laser controlled magnetization, e.g., by inverse
Faraday effect [1], gain much attention due to demand on stor-
age of information in magnetic media. Recent experimental
advances allow to manipulate the elementary low–energy ex-
citations, with a prominent example of ultrafast coherent con-
trol of antiferromagnetic magnons [2–4].

On the other hand, in the low-dimensional quantum spin
system, transport properties exhibit reach dependence on the
magnetic field, and thus magnetization [5–10].

In the following we study the time evolution of magnetiza-
tion of the one–dimensional (1D) spin system under the pres-
ence of circularly polarized laser. As the prototype model we
choose the S = 1 antiferromagnetic Heisenberg model with
single–site, easy–plane anisotropy on a chain with L sites

H0 =
L
!

i=1

"

JSi · Si+1 +D(Sz
i )

2 + hSz
i

#

, (1)

where Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at

site i, SL+1 = S1 (periodic boundary conditions), h is a
magnetic field, and J represent antiferromagnetic exchange
constant (we will further on use ! = kB = µB = 1,
and J = 1 as the unit of energy). The physical real-
ization of (1) is the organic compound NiCl2-4SC(NH2)2
(dichlorotetrakisthiourea–nickel abbreviated as DTN). By
now, the low–energy excitation spectrum of DTN compound
is well understood experimentally [10–12] and theoretically
[13, 14]. For D = 4 (relevant for DTN compound) the sys-
tem exhibit two phase transitions at the critical magnetic fields
h1,2. Below h1 the system has nondegenerate ground state
(GS) - the product of all states with Sz

tot =
$

i S
z
i = 0. Above

h1 ≃ 2.28 magnetization develops in the GS, and saturates to
its maximal value above h2 = 8. Since the DTN compound
is insulator, we assume that only the magnetic component of
laser couples to the system, and that the laser is applied in
the z–direction. The time–dependent Hamiltonian of the ade-
quate setup can be written as

H(t) = H0 −A
L
!

i=1

%

e−ıΩtS+
i + eıΩtS−

i

&

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

i are raising
and lowering operators for the spin. Thus, each spin feels a
magnetic field rotating in the xy–plane, 2A

$

i[S
x
i cos(Ωt) +

Sy
i sin(Ωt)].
The time evolution of magnetization is given by

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where |Ψ(t)⟩ is a solution of time–dependent Schrödinger
equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In our calculation we
choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥ 0.9 for any time
t (typically δt = 10−3). General protocol for our setup goes
as follows. (i) Firstly, with help of exact diagonalization we
calculate the GS of (1), |Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time
t = 0 we instantaneously turn on the laser and (iii) perform
the time evolution of it on the basis of the time–discretized
version of the Schrödinger equation with (2) (using fourth–
order Runge–Kutta routine [17]).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [15] in
order to treat time–periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 −
L
!

i=1

(2ASx
i + Ω0S

z
i ) , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with electron spin resonance
(ESR) setup [13, 18]. Within the linear response theory the Sx

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J the system should
be in the linear regime and the low absorption lines of ESR
spectrum of (1) should correspond to resonance frequencies
ΩR of the system (2) at given h.

For h < h1, the lowest lines in the ESR spectrum of (1)
correspond to transitions from GS to the states with ∆Sz =
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Control of transport properties of quantum many–body sys-
tem by means other than magnetic is of strong current inter-
est. Especially laser controlled magnetization, e.g., by inverse
Faraday effect [1], gain much attention due to demand on stor-
age of information in magnetic media. Recent experimental
advances allow to manipulate the elementary low–energy ex-
citations, with a prominent example of ultrafast coherent con-
trol of antiferromagnetic magnons [2–4].

On the other hand, in the low-dimensional quantum spin
system, transport properties exhibit reach dependence on the
magnetic field, and thus magnetization [5–10].

In the following we study the time evolution of magnetiza-
tion of the one–dimensional (1D) spin system under the pres-
ence of circularly polarized laser. As the prototype model we
choose the S = 1 antiferromagnetic Heisenberg model with
single–site, easy–plane anisotropy on a chain with L sites

H0 =
L
!

i=1

"

JSi · Si+1 +D(Sz
i )

2 + hSz
i

#

, (1)

where Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at

site i, SL+1 = S1 (periodic boundary conditions), h is a
magnetic field, and J represent antiferromagnetic exchange
constant (we will further on use ! = kB = µB = 1,
and J = 1 as the unit of energy). The physical real-
ization of (1) is the organic compound NiCl2-4SC(NH2)2
(dichlorotetrakisthiourea–nickel abbreviated as DTN). By
now, the low–energy excitation spectrum of DTN compound
is well understood experimentally [10–12] and theoretically
[13, 14]. For D = 4 (relevant for DTN compound) the sys-
tem exhibit two phase transitions at the critical magnetic fields
h1,2. Below h1 the system has nondegenerate ground state
(GS) - the product of all states with Sz

tot =
$

i S
z
i = 0. Above

h1 ≃ 2.28 magnetization develops in the GS, and saturates to
its maximal value above h2 = 8. Since the DTN compound
is insulator, we assume that only the magnetic component of
laser couples to the system, and that the laser is applied in
the z–direction. The time–dependent Hamiltonian of the ade-
quate setup can be written as

H(t) = H0 −A
L
!

i=1

%

e−ıΩtS+
i + eıΩtS−

i

&

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

i are raising
and lowering operators for the spin. Thus, each spin feels a
magnetic field rotating in the xy–plane, 2A

$

i[S
x
i cos(Ωt) +

Sy
i sin(Ωt)].
The time evolution of magnetization is given by

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where |Ψ(t)⟩ is a solution of time–dependent Schrödinger
equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In our calculation we
choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥ 0.9 for any time
t (typically δt = 10−3). General protocol for our setup goes
as follows. (i) Firstly, with help of exact diagonalization we
calculate the GS of (1), |Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time
t = 0 we instantaneously turn on the laser and (iii) perform
the time evolution of it on the basis of the time–discretized
version of the Schrödinger equation with (2) (using fourth–
order Runge–Kutta routine [17]).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [15] in
order to treat time–periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 −
L
!

i=1

(2ASx
i + Ω0S

z
i ) , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with electron spin resonance
(ESR) setup [13, 18]. Within the linear response theory the Sx

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J the system should
be in the linear regime and the low absorption lines of ESR
spectrum of (1) should correspond to resonance frequencies
ΩR of the system (2) at given h.

For h < h1, the lowest lines in the ESR spectrum of (1)
correspond to transitions from GS to the states with ∆Sz =

(3) Solve Schrödinger equation 
     (fourth–order Runge–Kutta)

(4) Measure magnetization

(2) Turn on the pulse 
(instantaneous)
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FIG. 1. (Color online) Frequency-field dependence of magnetic
excitations in DTN, with a uniform magnetic field H applied along
the tetragonal c axis. Blue symbols denote experimental data taken
at T = 1.7 K and red symbols at T = 4.3 K. Note that the mode E

was observed in the Voight configuration (with the light propagation
vector directed perpendicular to the applied magnetic field) (Refs. 2
and 3) while the rest of the modes were observed in the Voight as
well as in the Faraday geometry. Solid lines correspond to results
of calculations presented in Sec. II and are deliberately continued as
dashed lines into the intermediate region H1 < H < H2. The location
of critical fields H1 = 2.1 T and H2 = 12.6 T is indicated by vertical
dashed lines.

II. THREE-DIMENSIONAL MODEL

The essential features of the observed ESR spectrum are
illustrated in Fig. 1 together with some theoretical predictions
derived from a spin S = 1 Heisenberg Hamiltonian:1,2

H =
!

i,ν

Jν(Si · Si+eν
) +

!

i

"
D

#
Sz

i

$2 + gµBHSz
i

%
, (1)

where i denotes a generic site of a 3D lattice and eν with
ν = {x,y,z} count nearest neighbors. The exchange constants
Jν = {Jx,Jy,Jz} may depend on the specific lattice direction
and are assumed to be significantly smaller than the easy-
plane anisotropy (Jν ≪ D). Actually, DTN is thought to be
described by the quasi-one-dimensional limit of Eq. (1) defined
from Jx = Jy ≪ Jz ≪ D, but the required theoretical analysis
is essentially three dimensional. Finally, an external magnetic
field with strength H is applied in a direction perpendicular to
the easy plane.

At zero field (H = 0) the ground state carries zero az-
imuthal spin (Sz = 0) and the magnon spectrum consists of
two degenerate branches with Sz = ±1 and energy-momentum
dispersion ω = ω(k) calculated through a systematic 1/D
expansion8 carried to third order:

ω(k) = D + 2
!

ν

Jν cos kν

+ 1
D

&
3
!

ν

J 2
ν − 2

' !

ν

Jν cos kν

(2)

+ 1
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&
2
!

ν

J 3
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FIG. 2. (Color online) A schematic view of the energy-
momentum dispersions of magnetic excitations in an S = 1 Heisen-
berg chain with strong easy-plane (D > 0) anisotropy for two
typical fields H < H1 (left) and H > H2 (right). Note that the ESR
transitions denoted by A, B, C, E, and F occur at k = 0, whereas
transition G occurs at k = π . Two-particle continua are not shown
for simplicity.

+ 5
2

!

ν

J 3
ν cos kν − 7

' !

µ

J 2
µ

('!

ν

Jν cos kν

(

− 2
' !

µ

Jµ cos kµ

(' !

ν

J 2
ν cos kν

()
. (2)

For nonzero but sufficiently low fields the Sz = 0 ground
state remains unaffected while the degeneracy of the Sz =
±1 magnon states is lifted (Fig. 2, left) to yield a twofold
dispersion:

ω±(k) = ω(k) ± gµBH. (3)

The ESR spectrum consists of two branches corresponding
to $Sz = ±1 transitions between the ground state and k =
0 magnons (modes A and B in Fig. 1). Thus the observed
resonance frequencies are predicted to be

ωA = ω0 + gµBH, ωB = ω0 − gµBH, (4)

where ω0 = ω(k = 0) is calculated from Eq. (2). Also note
that the dispersion ω(k) of Eq. (2) exhibits a nonzero gap
throughout the Brillouin zone, the smallest gap occurring at
k = (π,π,π ). Therefore, the magnon frequencies of Eq. (3)
remain positive throughout the zone as long as H < H1, where
H1 is a critical field defined from

gµBH1 = $, $ = ω[k = (π,π,π )], (5)

where the smallest gap $ is again calculated from Eq. (2)
now applied for k = (π,π,π ). A corollary of the preceding
discussion is that $ < ω0.

When the field H exceeds its critical value H1 level
crossing occurs and the azimuthal spin of the ground state no
longer vanishes but increases with increasing field. Thus the
system enters an intermediate phase through a field-induced
quantum phase transition. The magnon spectrum is expected
to be gapless in the intermediate phase but its detailed
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Figure 1. (Color online) (a) The resonance frequencies ΩR in the
function of magnetic field h, as calculated for L = 9 , A = 0.1 and
L = 10 , A = 0.01. Solid lines represent ωA,B lines. The error bar is
a standard deviation of the data set. Inset: frequency Ω0 dependence
of magnetization Mz at h = 2 and t = 7 for L = 9 and A = 0.1.
(b) Magnetization in the function of time Mz(t) as calculated for
A = 0.1, h = 0, L = 11 and Ω0 = 4, 6, 8. Dashed horizontal line
represent average value for Ω0 = 6 Note that results for Ω0 = 4
and 8 are multiplied by factor of 5 for clarity. Upper x–axis depict
number of full laser cycles for Ω0 = 6.

±1. The resonance frequencies for h < h1 are predicted to be
[13, 14]

ωA = D + 2J + h , ωB = D + 2J − h , (5)

In Fig. 1a we present the resonance frequency ΩR for positive
and negative magnetization. The latter, can be calculated by
taking the laser with negative frequency in (2), Ω < 0, i.e.,
magnetic field rotating in the opposite direction. In order to
suppress finite size effects, we are averaging resonance fre-
quency over the whole time span, δt < t < 500. Our results
perfectly reproduce both ESR predictions for h < h1. Dis-
agreement for h > h1 is expected, since in this field region
the excitation are gapless and to stay within linear regime one
should use (for finite L chains) amplitude A which is smaller
then finite size energy gap. The resonance line of transitions
from fully order ferromagnetic states, for h > h2 region, can
be also captured. I.e., one can fully magnetize the GS with
magnetic field and look for resonance frequency of negative
magnetization (not presented).

In Fig. 1b we present a time dependence of Mz in a func-
tion of time for a system with h = 0. It is evident that mag-
netization induced by the laser with resonance frequency, i.e.,
Ω0 = ΩR = 6 for h = 0, have much larger value then any
other Ω0 (see also inset of Fig. 1a). At t ∼ 10 it hits the max-
imal value Mz(t ∼ 10) ∼ 0.5 and subsequently decreases
and oscillates around the average value ∼ 0.25 (see Fig. 1b).
This is in contrast to Haldane–like systems (D < J), where
in the same laser setup [15] the magnetization at t ∼ 10 (with
A = 0.1) is ∼ 100 times smaller.

One can further increase the magnetization (without apply-
ing the magnetic field h) beyond the maximal value for ΩR,
using laser frequency which is time dependent, Ω = Ω(t),
the so–called chirping of the laser. The natural choice for the
protocol is to start at t = 0 with resonance frequency ΩR

for given field and in conjunction with ESR study [13, 14]
(see also Fig. 1a) it is expected that dΩ(t)/dt < 0 is the best
choice in order to increase the magnetization. The Ω(t) have
then a simple form

Ω(t) = ΩR − νt , (6)

where ν is the chirp, i.e., the “speed” of the change of fre-
quency. ν = 0 correspond to time independent Ω0 = ΩR and
further on we will consider only h = 0 case, i.e, ΩR = 6.
Also, in our setup the laser is switched off at time when
Ω(t) = 0, e.g., by putting A = 0.

The magnetization profile in this setup is quite complicated.
At short times t ! 10 Mz develops in the same way as for
Ω0, reaching the local maximum at t ∼ 10. However, the
results for longer times reveal substantial differences. For this
reason, in Fig. 2a we plot our results for few values of ν in the
function of normalized time νt = Ω(t = 0) − Ω(t), where
such a scale represent amount of change in frequency and all
frequencies begin at t = 0 with ΩR = 6 and reach Ω = 0 at
νt = 6. In the Supplementary material [19] for completeness
we included magnetization in the function real–time t.

While for a system with ν = 0 the magnetization starts to
oscillate around one value (see Fig. 1b), for the ν ̸= 0 case
it is increasing with the rate dependent on ν, i.e., reaching
maximum at νmaxt ∼ 2. E.g., for ν = 0.01 at t = 200 (νt =
2) we get ∼ 3 times bigger magnetization than average value
for constant ΩR. In Fig. 2a it is also shown that magnetization
remains in the system even when we switch off the laser, e.g.,
by putting A = 0 at νt = 2.

Toy model arguments on the optimal choice of time in
order to reach maximum

To this end, it is convenient to turn to the toy model, i.e.,
H̃0 =

!

i D(Sz
i )

2, which correspond to J → 0 or D → ∞
limit of (1). The resonance frequency of this model is trivially
ΩR = D.

End

Finally, let’s turn to finding ν and A for optimal laser pro-
tocol. The dependency of magnetization on chirping ν is de-
picted in Fig. 3a. Several conclusions can be drawn directly
from obtained results: (a) For large amplitude, A ∼ J , where
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Figure 1. (Color online) (a) The resonance frequencies ΩR in the
function of magnetic field h, as calculated for L = 9 , A = 0.1 and
L = 10 , A = 0.01. Solid lines represent ωA,B lines. The error bar is
a standard deviation of the data set. Inset: frequency Ω0 dependence
of magnetization Mz at h = 2 and t = 7 for L = 9 and A = 0.1.
(b) Magnetization in the function of time Mz(t) as calculated for
A = 0.1, h = 0, L = 11 and Ω0 = 4, 6, 8. Dashed horizontal line
represent average value for Ω0 = 6 Note that results for Ω0 = 4
and 8 are multiplied by factor of 5 for clarity. Upper x–axis depict
number of full laser cycles for Ω0 = 6.

±1. The resonance frequencies for h < h1 are predicted to be
[13, 14]

ωA = D + 2J + h , ωB = D + 2J − h , (5)

In Fig. 1a we present the resonance frequency ΩR for positive
and negative magnetization. The latter, can be calculated by
taking the laser with negative frequency in (2), Ω < 0, i.e.,
magnetic field rotating in the opposite direction. In order to
suppress finite size effects, we are averaging resonance fre-
quency over the whole time span, δt < t < 500. Our results
perfectly reproduce both ESR predictions for h < h1. Dis-
agreement for h > h1 is expected, since in this field region
the excitation are gapless and to stay within linear regime one
should use (for finite L chains) amplitude A which is smaller
then finite size energy gap. The resonance line of transitions
from fully order ferromagnetic states, for h > h2 region, can
be also captured. I.e., one can fully magnetize the GS with
magnetic field and look for resonance frequency of negative
magnetization (not presented).

In Fig. 1b we present a time dependence of Mz in a func-
tion of time for a system with h = 0. It is evident that mag-
netization induced by the laser with resonance frequency, i.e.,
Ω0 = ΩR = 6 for h = 0, have much larger value then any
other Ω0 (see also inset of Fig. 1a). At t ∼ 10 it hits the max-
imal value Mz(t ∼ 10) ∼ 0.5 and subsequently decreases
and oscillates around the average value ∼ 0.25 (see Fig. 1b).
This is in contrast to Haldane–like systems (D < J), where
in the same laser setup [15] the magnetization at t ∼ 10 (with
A = 0.1) is ∼ 100 times smaller.

One can further increase the magnetization (without apply-
ing the magnetic field h) beyond the maximal value for ΩR,
using laser frequency which is time dependent, Ω = Ω(t),
the so–called chirping of the laser. The natural choice for the
protocol is to start at t = 0 with resonance frequency ΩR

for given field and in conjunction with ESR study [13, 14]
(see also Fig. 1a) it is expected that dΩ(t)/dt < 0 is the best
choice in order to increase the magnetization. The Ω(t) have
then a simple form

Ω(t) = ΩR − νt , (6)

where ν is the chirp, i.e., the “speed” of the change of fre-
quency. ν = 0 correspond to time independent Ω0 = ΩR and
further on we will consider only h = 0 case, i.e, ΩR = 6.
Also, in our setup the laser is switched off at time when
Ω(t) = 0, e.g., by putting A = 0.

The magnetization profile in this setup is quite complicated.
At short times t ! 10 Mz develops in the same way as for
Ω0, reaching the local maximum at t ∼ 10. However, the
results for longer times reveal substantial differences. For this
reason, in Fig. 2a we plot our results for few values of ν in the
function of normalized time νt = Ω(t = 0) − Ω(t), where
such a scale represent amount of change in frequency and all
frequencies begin at t = 0 with ΩR = 6 and reach Ω = 0 at
νt = 6. In the Supplementary material [19] for completeness
we included magnetization in the function real–time t.

While for a system with ν = 0 the magnetization starts to
oscillate around one value (see Fig. 1b), for the ν ̸= 0 case
it is increasing with the rate dependent on ν, i.e., reaching
maximum at νmaxt ∼ 2. E.g., for ν = 0.01 at t = 200 (νt =
2) we get ∼ 3 times bigger magnetization than average value
for constant ΩR. In Fig. 2a it is also shown that magnetization
remains in the system even when we switch off the laser, e.g.,
by putting A = 0 at νt = 2.

Toy model arguments on the optimal choice of time in
order to reach maximum

To this end, it is convenient to turn to the toy model, i.e.,
H̃0 =

!

i D(Sz
i )

2, which correspond to J → 0 or D → ∞
limit of (1). The resonance frequency of this model is trivially
ΩR = D.

End

Finally, let’s turn to finding ν and A for optimal laser pro-
tocol. The dependency of magnetization on chirping ν is de-
picted in Fig. 3a. Several conclusions can be drawn directly
from obtained results: (a) For large amplitude, A ∼ J , where

Laser controlled magnetization within large anisotropy S = 1 chain

J. Herbrych1,2 and X. Zotos1,2,3,4
1Department of Physics, University of Crete, 71003 Heraklion, Greece

2Cretan Center for Quantum Complexity and Nanotechnology, University of Crete, Heraklion 71003, Greece
3Foundation for Research and Technology - Hellas, 71110 Heraklion, Greece and

4Institute of Plasma Physics, University of Crete, 71003 Heraklion, Greece
(Dated: September 29, 2014)

Color description:
- (orange - to do, questions, comments, not calculated yet, not done yet)
- violet - sections, topics, parts

PACS numbers: 05.60.Gg,71.27.+a,75.10.Pq,75.78.Jp

Introduction. NiCl2-4SC(NH2)2 (dichlorotetrakisthiourea–
nickel abbreviated as DTN) J = 2.2K, D = 8.9K (I in-

cluded already some references that can be used is introduc-
tion [1–8])

We will further on use ! = kB = µB = 1, D = 4, and
J = 1 as the unit of energy.

Model. We will consider S = 1 antiferromagnetic Heisen-
berg model (AHM) on a chain with L sites and periodic
boundary conditions:

H0 = J
L
!

i=1

Si · Si+1 +D
L
!

i=1

(Sz
i )

2 + h
L
!

i=1

Sz
i , (1)

here Si = (Sx
i , S

y
i , S

z
i ) are spin S = 1 operators at site i,

h is a magnetic field, D > 0 is a single ion anisotropy and
antiferromagnetic exchange J > 0. For D = 4 (relevant for
DTN compound) the system exhibit two phase transitions at
the critical magnetic fields h1,2 [7]. Below h1 the system has
nondegenerate ground state (GS) - the product of all states
with Sz

tot = 0. Above h1 magnetization develops in the GS,
and saturates to its maximal value above h2.

Laser coupling. We assume that only the magnetic compo-
nent of laser couples to the system, and that the laser is applied
in the z–direction. The Hamiltonian of the adequate system
setup can be written as

H(t) = H0 −A
"

e−ıΩtS+
tot + eıΩtS−

tot

#

, (2)

where 2A and Ω are the amplitude and the frequency (pho-
ton energy) of the laser, respectively, and S±

tot =
$

i S
±
i

are raising and lowering operators for the total spin. Thus,
each spin feels a magnetic field rotating in the xy–plane,
2A[Sx

tot cos(Ωt) + Sy
tot sin(Ωt)], where Sα

tot =
$

i S
α
i is the

α = x, y component of the total spin.

We are interested in the time evolution, starting from GS,
of magnetization

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩

⟨Ψ(t)|Ψ(t)⟩
, (3)

where Sz
tot =

$

i S
z
i and |Ψ(t)⟩ is a solution of time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In

our calculation we choose δt in such a way that ⟨Ψ(t)|Ψ(t)⟩ ≥
0.95 for any time t (typically δt = 0.001).

General protocol for our setup goes as follows. (i) Firstly,
with help of exact diagonalization we calculate the GS of (1),
Ψ(−δt)⟩ = |GS⟩. (ii) Next, at time t = 0 we instantaneously
turn on the laser and (iii) perform the time evolution (using
fourth-order Runge-Kutta routine [9]) of it on the basis of the
time-discretized version of the Schrödinger equation with (2).

If the system (2) is periodic in time, i.e., H(t) = H(t+T0)
where T0 is the period, one can use the Floquet theory [1] in
order to treat time-periodic Schrödinger equation. When Ω =
Ω0 = 2π/T0, one can rewrite (2) to the Floquet Hamiltonian
of the form

HF = H0 − 2ASx
tot − Ω0S

z
tot , (4)

Within this approach, the problem boils down to diagonaliza-
tion of static Hamiltonian - the eigenvalues and eigenvectors
of (4) are sufficient to know the full time evolution of the mag-
netization Mz(t).

For Ω0 ≫ 2A the Floquet Hamiltonian (4) have similar
form of the one when dealing with the electron spin resonance
(ESR) setup [7, 13]. Within the linear response theory the Sx

tot

therm leeds to shift and broadening of δ–peak at the Zeeman
energy, h. On the other hand, for A ≪ J we should be in the
linear regime and the low absorption lines of ESR spectrum
of (1) should correspond to resonant frequencies ΩR of the
system (2) at given h.

For h < h1, the lowest lines in the ESR of (1) correspond
to transitions from GS to the states with ∆Sz = ±1. The
resonant frequencies for h < h1 are predicted to be [7, 8]

ωA = 6 + h , ωB = 6− h , (5)

In Fig. 1a we present the resonance frequency ΩR for posi-
tive and negative magnetization. The latter, can be calculated
by taking the laser with negative frequency in (2), Ω < 0,
i.e., magnetic field rotating in the opposite direction. In order
to suppress finite size effects, we are averaging resonant fre-
quency over the whole time span, ΩR = ΩR(δt < tJ < 100).

Our results perfectly reproduce both ESR predictions for
h < h1. Disagreement for h > h1 is expected, since in this
field region the excitation are gapless and to stay within lin-
ear regime one should use (for finite L chains) amplitude A

Unitary transformation to the frame 
rotating with magnetic field

Time independent Hamiltonian

Transitions from GS 
to the states with 

2

negative magnetization one should substitute Ω → −Ω in (2).
Note that in a real experimental setup the light pulse has some
time and frequency dependence, an issue that we will discuss
later. Furthermore, magnetization perpendicular to the plane
in which the field is rotating can measure due to the inverse
Faraday effect [32].

The time evolution of magnetization is given by

Mz(t) =
⟨Ψ(t)|Sz

tot|Ψ(t)⟩
⟨Ψ(t)|Ψ(t)⟩

, (3)

where Sz
tot =

!

i S
z
i and |Ψ(t)⟩ is a solution of the time–

dependent Schrödinger equation ı∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩. In
our calculation we choose δt in such a way that typically
⟨Ψ(t)|Ψ(t)⟩ ≃ 1 at any time t (δt ≃ 10−3). A general proce-
dure for our setup goes as follows: (i) first, with help of exact
diagonalization we calculate the GS of (1), |Ψ(−δt)⟩ = |GS⟩.
(ii) Next, at time t = 0 we instantaneously turn on the light
and (iii) finally, we perform the time evolution of it on the ba-
sis of the time–discretized version of the Schrödinger equation
with (2) (using a fourth–order Runge–Kutta routine).

Let us first focus on the system (2) at constant frequency
Ω = Ω0. It is clear that the maximum value of the magneti-
zation should be induced by light at the resonance frequency
of the system, Ω0 = ΩR. The latter can be interpreted in the
spirit of an ESR spectrum. For small enough A(≪ J) the
system should be in the linear regime and the low absorption
lines of ESR spectrum of (1) [28, 33] should correspond to
resonance frequencies ΩR of (2) at given h. Furthermore, (2)
at Ω = Ω0 can be mapped by a unitary transformation (or
Floquet theory) to an effective static model [34, 35], where
the latter has a form similar to the one when dealing with an
ESR setup.

Fig. 1(a) depicts a typical example of time dependence of
Mz as a function of time for a system with h = 0 and constant
Ω. Several conclusions can be drawn directly from the ob-
tained results: (i) It is evident that Mz induced by Ω0 = ΩR

is dominating above other frequencies. (ii) The beating fre-
quency presented in the inset of Fig. 1(a) is attributed to finite
size effects. (iii) The value of ΩR = 6 for h = 0 is consistent
with the lowest transition lines of ESR spectrum. For h < h1,
such a lines correspond to transitions from GS to the states
with ∆Sz = ±1, and are predicted (by 1/D expansion) to be
[27, 28]

ωA = D + 2J + h , ωB = D + 2J − h .

In Fig. 1(b) we present the heat map of the average (over time
span δt < t < 100) net magnetization, Mz −Mz(t = 0), as
a function of magnetic filed h and frequency Ω0. Our results
perfectly reproduce both ESR predictions, e.g., see Fig. 6 of
Ref. [28]. In the considered field h region we also see con-
tinuation of ωG = D + h line - transitions from a magnon to
a single–ion bound state. Other resonance lines can also be
captured, e.g. transitions from the fully order ferromagnetic
state in the h < h2 region, can be resolved by looking for ΩR

of negative magnetization. In Fig. 2(a) we present Mz(t = 7)
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Figure 1. (Color online) (a) Magnetization as a function of time
Mz(t) calculated for L = 11, A = 0.1, h = 0, and Ω0 = 4, 6, 8.
Dashed horizontal line represents average value for Ω0 = 6. Note
that results for Ω0 = 4 and 8 are multiplied by factor of 5 for clar-
ity. Inset: Mz(t) induced by Ω0 = ΩR = 6 (as in the main panel)
for t up to t = 250. (b) Heat map of average net magnetization,
Mz − Mz(t = 0), as a function of magnetic field h and frequency
Ω0, calculated for L = 10 , A = 0.1. ωB line (red color in the heat
map) is obtained with Ω > 0 in (2), ωA,G (blue color) with Ω < 0.
Solid and dashed lines represent ωA,B,G ESR resonance lines and
their continuation into the gapless regime. Vertical, solid line repre-
sents the critical field h1.

in the function of frequency Ω0. The maximum value of mag-
netization for given h and Ω > 0, or Ω < 0, is consistent with
ESR predictions.

Although we chose the GS as a starting point of our con-
sideration this is not a zero temperature T = 0 result. Within
LR theory one would expect for T = 0 rather sharp transition
lines. Also, the single–ion bound state line ωG is absent at
zero temperature but acquires nonvanishing intensity at finite
temperature [28]. It is clear from Fig. 1(b) that our resonance
lines are not δ–peaks, with nonzero intensity for all considered
transitions ωA,B,G. Also, in Fig. 2(b) we present the depen-
dence of h = 0 average magnetization Mz on frequency Ω0

for various amplitudes A = 0.01, 0.05, 0.1, 0.5 in (2). Within
LR such a broadening of the line could be interpreted the in-
crease of an effective temperature.

In order to induce a macroscopic magnetization in a con-
trolled way we study the application of a chirped pulse, Ω =
Ω(t). Although the time dependence of Ω can be complicated
and its functional form dependent on the experimental setup,
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FIG. 1. (Color online) Frequency-field dependence of magnetic
excitations in DTN, with a uniform magnetic field H applied along
the tetragonal c axis. Blue symbols denote experimental data taken
at T = 1.7 K and red symbols at T = 4.3 K. Note that the mode E

was observed in the Voight configuration (with the light propagation
vector directed perpendicular to the applied magnetic field) (Refs. 2
and 3) while the rest of the modes were observed in the Voight as
well as in the Faraday geometry. Solid lines correspond to results
of calculations presented in Sec. II and are deliberately continued as
dashed lines into the intermediate region H1 < H < H2. The location
of critical fields H1 = 2.1 T and H2 = 12.6 T is indicated by vertical
dashed lines.

II. THREE-DIMENSIONAL MODEL

The essential features of the observed ESR spectrum are
illustrated in Fig. 1 together with some theoretical predictions
derived from a spin S = 1 Heisenberg Hamiltonian:1,2

H =
!

i,ν

Jν(Si · Si+eν
) +

!

i

"
D

#
Sz

i

$2 + gµBHSz
i

%
, (1)

where i denotes a generic site of a 3D lattice and eν with
ν = {x,y,z} count nearest neighbors. The exchange constants
Jν = {Jx,Jy,Jz} may depend on the specific lattice direction
and are assumed to be significantly smaller than the easy-
plane anisotropy (Jν ≪ D). Actually, DTN is thought to be
described by the quasi-one-dimensional limit of Eq. (1) defined
from Jx = Jy ≪ Jz ≪ D, but the required theoretical analysis
is essentially three dimensional. Finally, an external magnetic
field with strength H is applied in a direction perpendicular to
the easy plane.

At zero field (H = 0) the ground state carries zero az-
imuthal spin (Sz = 0) and the magnon spectrum consists of
two degenerate branches with Sz = ±1 and energy-momentum
dispersion ω = ω(k) calculated through a systematic 1/D
expansion8 carried to third order:

ω(k) = D + 2
!

ν

Jν cos kν

+ 1
D

&
3
!

ν

J 2
ν − 2

' !

ν

Jν cos kν

(2)

+ 1
D2

&
2
!

ν

J 3
ν + 4

' !

ν

Jν cos kν

(3
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FIG. 2. (Color online) A schematic view of the energy-
momentum dispersions of magnetic excitations in an S = 1 Heisen-
berg chain with strong easy-plane (D > 0) anisotropy for two
typical fields H < H1 (left) and H > H2 (right). Note that the ESR
transitions denoted by A, B, C, E, and F occur at k = 0, whereas
transition G occurs at k = π . Two-particle continua are not shown
for simplicity.

+ 5
2

!

ν

J 3
ν cos kν − 7

' !

µ

J 2
µ

('!

ν

Jν cos kν

(

− 2
' !

µ

Jµ cos kµ

(' !

ν

J 2
ν cos kν

()
. (2)

For nonzero but sufficiently low fields the Sz = 0 ground
state remains unaffected while the degeneracy of the Sz =
±1 magnon states is lifted (Fig. 2, left) to yield a twofold
dispersion:

ω±(k) = ω(k) ± gµBH. (3)

The ESR spectrum consists of two branches corresponding
to $Sz = ±1 transitions between the ground state and k =
0 magnons (modes A and B in Fig. 1). Thus the observed
resonance frequencies are predicted to be

ωA = ω0 + gµBH, ωB = ω0 − gµBH, (4)

where ω0 = ω(k = 0) is calculated from Eq. (2). Also note
that the dispersion ω(k) of Eq. (2) exhibits a nonzero gap
throughout the Brillouin zone, the smallest gap occurring at
k = (π,π,π ). Therefore, the magnon frequencies of Eq. (3)
remain positive throughout the zone as long as H < H1, where
H1 is a critical field defined from

gµBH1 = $, $ = ω[k = (π,π,π )], (5)

where the smallest gap $ is again calculated from Eq. (2)
now applied for k = (π,π,π ). A corollary of the preceding
discussion is that $ < ω0.

When the field H exceeds its critical value H1 level
crossing occurs and the azimuthal spin of the ground state no
longer vanishes but increases with increasing field. Thus the
system enters an intermediate phase through a field-induced
quantum phase transition. The magnon spectrum is expected
to be gapless in the intermediate phase but its detailed
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Chirping of the laser

Chirping of the laser 
time dependent frequency

3

simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other
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Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)

initial t=0 frequency

rate of change (chirp)
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I. REAL-TIME DEPENDENCE

In Fig. S1 we present magnetization in the function of real-
time t for few version of protocols with different chirp ν. Pre-
sented data is the same as on Fig. 2 in the main text.
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Figure S1. (Color online) (a) Magnetization in the function
real-time t calculated for h = 0, L = 11, and ν =

0, 0.002, 0.005, 0.01, 0.02, 0.05. (b) Time dependence of frequency
Ω for given chirp ν.

II. SIZE DEPENDENCE

All our numerical data are obtained with exact diagonaliza-
tion, with the time step δt chosen in such a way that even at
t ≫ 1 the norm of the state is larger then 0.9. In Fig. S2
we present size L dependence of magnetization for A = 0.1
and (a) constant, resonant frequency Ω0 = 6, (b) chirped
frequency ν = 0.01, and (c) chirped frequency ν = 0.01
with laser switched off at with laser switched off at t = 200
(νt = 2).

Furthermore, in Fig. S3 we present direct 1/L scaling of
results presented in Fig. S2. I.e., (a) averaged value of mag-
netization induced by constant, resonant frequency Ω0 = 6,
(b) magnetization at time t = 500 for chirped frequency
ν = 0.01, and (c) magnetization at time t = 500 for chirped
frequency ν = 0.01 with laser switched off at νt = 2.
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Figure S2. (Color online) Magnetization in the function of time
calculated for L = 6, 7, 8, 9, 10, 11 and (a) constant, resonant fre-
quency Ω0 = 6, (b) chirped frequency ν = 0.01, and (c) chirped
frequency ν = 0.01 with laser switched off at with laser switched
off at t = 200 (νt = 2).
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2-level model yields 
characteristic time scales 

and asymptotic magnetization !

2-level model

3

simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other
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Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)

3

simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other
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Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)

Saddle point at 

3

simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other
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Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)
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Optimal protocol

3

simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other

0

0.2

0.4

0.6

0.8

1

0 100 200 300 400 500

(a) ν = 0.01

ΩI = 6, 8, 10

0

0.2

0.4

0.6

0.8

1

0 2 4 6

(b) ΩI = 6

ν = 0.05, 0.02, 0.01, 0.005

0

0.2

0.4

0.6

0.8

1

0 2 4 6

(c) ΩI = 8

M
ag

n
et
iz
at
io
n
M

z

Time t

M
ag

n
et
iz
at
io
n
M

z

Normalized time νt

M
ag

n
et
iz
at
io
n
M

z

Normalized time νt

Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)
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Figure 3. (Color online) Scaling parameter α = A/
√
ν dependence

of magnetization as calculated for L = 11, ν = 0.1 (full symbols)
and ν = 0.01 (open symbols). The snapshot of magnetization is
taken at time when Ω(t) = D, i.e, t = 20 for ν = 0.1 (t = 200 for

ν = 0.01). Black solid (dashed) line represent M̃z(∞) [M̃z
full(∞)]

dependence on α.

the resonance frequency is Ω0 ≈ 300GHz(= 6J). The laser
with amplitude A ≈ 0.16T(= 0.1J) will maximally magne-
tize the system, Mz(νt = 2) ! 0.7, in t ≈ 1 ns = (200/J)
for ν = 0.01.

Experimental part not finished: shape of the pulse, decay of
magnetization in real material, electric field of the laser (1T
is around 1MV/cm is quite a lot ), finite temperature. Can
Xenophon write paragraph on that ... especially experimental
insight ...

Conclusions.

This work was supported by the European Union pro-
gram FP7-REGPOT-2012-2013-1 under grant agreement n.
316165. J.H. acknowledge helpful and inspiring discussions
with R. Steinigeweg and W. Brenig.

[1] A. V. Sologubenko, T. Lorenz, H.- R. Ott, and A. Freimuth, J.
Low Temp. Phys. 147, 387 (2007).

[2] A. V. Sologubenko, T. Lorenz, J. Mydosh, A. Rosch, K. Short-
sleeves, and M. Turnbull, Phys. Rev. Lett. 100, 137202 (2008).

[3] A. V. Sologubenko, T. Lorenz, J. a. Mydosh, B. Thielemann,
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Figure 3. (Color online) Scaling parameter α = A/
√
ν dependence

of magnetization as calculated for L = 11, ν = 0.1 (full symbols)
and ν = 0.01 (open symbols). The snapshot of magnetization is
taken at time when Ω(t) = D, i.e, t = 20 for ν = 0.1 (t = 200 for

ν = 0.01). Black solid (dashed) line represent M̃z(∞) [M̃z
full(∞)]

dependence on α.

the resonance frequency is Ω0 ≈ 300GHz(= 6J). The laser
with amplitude A ≈ 0.16T(= 0.1J) will maximally magne-
tize the system, Mz(νt = 2) ! 0.7, in t ≈ 1 ns = (200/J)
for ν = 0.01.

Experimental part not finished: shape of the pulse, decay of
magnetization in real material, electric field of the laser (1T
is around 1MV/cm is quite a lot ), finite temperature. Can
Xenophon write paragraph on that ... especially experimental
insight ...
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What next ?
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ω0/J ∼ 2π/L.36,37 The latter completely dominates the low–
ω behavior of κQQ(ω) in the thermodynamic limit (L → ∞).
Therefore, to capture this finite–size effect, in the following
we will consider integrated conductivity IQQ(ω0) (depicted
as shaded area on Fig. 7).

To gain insight into the origin of the slowly decaying Drude
weight at low–T let us consider thermal transport in the ef-
fective low–energy S = 1/2 Hamiltonian (4). The heat

current !JQ is defined for this model in the same way, i.e.,
!jQi − !jQi−1 = −ı[ !H, !Hi−1] with !H =

"
i
!Hi, leading to

!JQ =
#

n

$
4J2!Sn−1 ·

%
!Sn × !S′

n+1

&
+ !H!jSn

'
, (15)

with !S′
n = (!Sx

n, !Sy
n,∆!Sz

n). Other definitions and properties
of the currents and conductivity remain the same - Eq. (7)-

(10),(12) - with appropriate !Jα, α = Q,E, S and !J = 2J .
It is know that the S = 1/2 Heisenberg model is inte-

grable with heat current being one of the conserved quanti-

ties, [ !JQ, !H] = 0, leading directly to its nondecaying behav-
ior and within the linear response to infinite thermal conduc-
tivity. Also, the integrability of the model (4) makes the cal-

culation of !DQQ feasible in the thermodynamic limit. As a
consequence of Eq. (12), one can decompose Drude weight in
therms of the energy and spin contribution

!DQQ = !DEE + 2β !H !DES + β !H2 !DSS , (16)

where Drude weights are defined in Eq. (10), with r = 1 for
i = j = Q or i = j = E, and r = 0 for i = j = S or
i = E, j = S.

The !DEE and !DES at finite temperatures have been cal-
culated by Sakai and Klümper30 using a lattice path integral
formulation, where a quantum transfer matrix (QTM) in the
imaginary time is introduced. Correlations and thermody-
namic quantities can be evaluated in terms of the largest eigen-
value of the QTM. The importance of this method yields to the
fact that all quantities are found by solving a set of nonlinear
integral equations at arbitrary magnetic fields, temperatures
and anisotropy parameters. Here we repeat the calculation us-
ing ∆ = 1/2.

On the other hand, spin Drude weight !DSS at finite mag-
netic field is computed based on a generalization of a method

that was proposed by Zotos,38 where !DSS was calculated us-
ing the Bethe ansatz technique at zero magnetic field. The
presence of magnetic field will cause some changes to the
TBA equations39, but the overall analysis is essentially the
same.

In Fig. 10 we compare !DQQ for the S = 1/2 model with
the numerically obtained integrated conductivity IQQ at ω0

for the S = 1 model on L = 16 sites. As is clearly visible, the
overall agreement is satisfactory. The magnetic field depen-

dence of Drude weight !DQQ includes all characteristic fea-
tures of the S = 1 low–ω behavior. From the results obtained
for the thermal transport, as in the case of magnetization and
specific heat, we observe that the mapping is much more accu-
rate close to H2 than close to H1. Also, due to spin–inversion
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Figure 10: (Color online) Comparison of S = 1 integrated conduc-
tivity IQQ(ω0) at ω0 = 2π/L for L = 16 with exact S = 1/2 Drude

weight !DQQ calculated in the thermodynamic limit for T = 0.5, 1
and 2 as a function of the magnetic field H .

symmetry, the S = 1/2 results are symmetric with respect to

H = 5 ( !H = 0), where lack of such a symmetry for the S = 1
model is expected.

Let us now comment on the magnetothermal corrections
(MTC) to heat conductivity, Eq. (7), for S = 1/2 model. Fre-
quency depended thermal conductivity κ can be written in the
same form as Eq. (8), with the weight of the singular part
given by:29

!Kth = !DQQ − β !D2
QS/ !DSS , (17)

where r = 0 for i = Q, j = S. Both of the two competing

terms that contribute to !Kth become important at finite mag-
netic fields. In Fig. 11 we depict the magnetic field depen-

dence of !DQQ, !Kth and the MTC term at fixed temperature
(a) T/J = 0.5 and (b) T/J = 1, as have been calculated for
the S = 1/2 model (4).

As expected, the MTC term is exactly zero at the zone cen-

ter ( !H = 0) but it becomes finite at finite H , where we see a
bell curve behavior, with the peak centered close to the crit-
ical fields at low–T . Upon increasing T , the position of the
first (second) peak is shifted to lower (higher) magnetic fields.

While !DQQ exhibits a pronounced nonmonotonic behavior as
a function of H , with two peaks centered close to the critical
fields, the inclusion of the second term of Eq. (17) results in

an overall suppression of the !Kth and the cancellation of this
behavior. This finding is confirmed by a numerical study of
the thermal transport in the S = 1/2 XXZ chain in the pres-
ence of magnetic field32 based on exact diagonalization of a
finite chain.

In all cases considered here, the thermal conductivity at
T < J has maximum located at H ≃ Hm = (H1 + H2)/2.
However, this is not what is observed in the experiment. The
thermal conductivity measurements at low–T of the DTN
compound28,40 exhibit sharp peaks in the vicinity of critical
fields H1,2. Detail analysis of spin contribution to the total
thermal conductivity is a nontrivial task due to presence of
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FIG. 1. (Color online) The magnetic field dependence of magne-
tization M at fixed temperature (a) T/J = 0.02 and (b) T/J = 0.2.
The solid line corresponds to TMRG results obtained for the S = 1
large-D chain and the dashed line corresponds to TBA results
obtained for the S = 1/2 XXZ chain. Vertical lines indicate the
location of critical fields H1/J = 2.28 and H2/J = 8. Satisfactory
agreement between the two models is achieved, particularly close to
H2 where the two curves are indistinguishable.

exponent δ = 2 are the S = 1/2 ladders [17] and the S = 1/2
bond-alternating chain [18].

The zero temperature magnetization of the S = 1/2 XXZ
model is based on a Bethe ansatz solution of the Hamiltonian.
More specifically, C. N. Yang and C. P. Yang [19] studied the
ground state energy as a function of " and magnetization, and
among the various results, they proved that !M close to !Hc

behaves as follows:

!M = 1
2

− 1
π

"
!Hc − !H for !H < !Hc,

(6)
!M = −1

2
+ 1

π

"
!H − !Hc for !H > − !Hc.

Note that the dependence of !M on the anisotropy constant
" enters only through the critical field !Hc = 2J (1 + ") and
thus does not affect the value of the critical exponent δ = 2.
However, finite temperature will cause a smoothing in the
shape of the !M( !H ) curve close to !Hc.

In Fig. 1 we depict the magnetic field dependence of
magnetization M for a S = 1 large-D chain, superimposed
with the magnetization !M + 1/2 for the S = 1/2 XXZ chain
for (a) T/J = 0.02 and (b) T/J = 0.2. Among the facts
that become apparent are the following: (i) Temperature
T/J = 0.02 is considered to be low enough that the anticipated
square-root behavior is evident for both models. The critical
exponent is extracted and is found to be δ ≃ 2 close to H1,
as well as close to H2. This foreseen result renders model (1)
in the same universality class as the Haldane or S = 1/2 XXZ
chain. (ii) As mentioned already, we expect that the mapping
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FIG. 2. (Color online) The temperature dependence of magneti-
zation for (a) the S = 1 large-D model and (b) the S = 1/2 XXZ
model, for various fields. Dots indicate the position of extrema that
correspond to the Luttinger liquid crossover. Tc decreases toward
T = 0 as H approaches H1 or H2.

close to H2 is more accurate than close to H1. This expectation
is verified by the magnetization curves close to H2 which are
indistinguishable.

Let us now focus on the temperature dependence of
magnetization for a wide range of fixed magnetic fields, as
illustrated in Fig. 2. For H < H1, magnetization vanishes
exponentially toward T = 0; for H > H1, a minimum appears
at low temperatures that persists up to Hm = (H1 + H2)/2,
whereas maxima occur at larger magnetic fields for Hm <
H < H2. A further increase of the magnetic field will reopen
the gap, and for H > H2 the M(T ) curve decreases with
increasing temperature and vanishes exponentially. In Fig. 2(a)
we present the above-described behavior of M and the position
of the extrema Tc is indicated by dots.

The presence of minima and maxima at low temperatures
is not a surprising result, since similar features were found
for systems of S = 1/2 ladders [20–22,24] and Haldane
chains [25], where this nontrivial behavior was interpreted
as a Luttinger liquid (LL) crossover, with Tc corresponding to
the temperature below which the description of the system in
terms of a LL is valid.

Here we examine this behavior in terms of the S = 1/2
model, and in Fig. 2(b) we have plotted the temperature
dependence of magnetization for the same values of magnetic
field. For small values of temperature, magnetization behaves
in a similar way, with a minimum or maximum being present

224418-3
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Figure 2. (Color online) (a) Magnetization in the function of
normalized time νt calculated for L = 11, h = 0 and ν =
0.002, 0.005, 0.01, 0.02, 0.05. Blue horizontal line indicate average
value of magnetization for ν = 0 (ΩR = 6). Gray, dashed line rep-
resent development of the magnetization (for ν = 0.01) after turning
off the laser at time νt = 2. (b)

plot on the optimal choice of time in order to reach maximum

.

the system is not in linear regime, we don’t observe any strong
dependence on ν. However, for A ≪ J the chirp of frequency
plays crucial role and it’s optimal value highly depends on am-
plitude. (b) The laser with small A need long time (small ν) in
order to reach maximal Mz , e.g., for A = 0.01 ν ! 0.0001.
(c) For given amplitude A ≪ J there exist optimal value of
ν, e.g., for A = 0.1 ν ≃ 0.01. The latter, can be also shown
by looking on A dependence of magnetization for given ν.
In Fig 3b we show Mz(A) for constant frequency Ω0 = 6
and time–dependent frequency at νt = 2 for few values of ν.
Note that in case of Ω0, similar ∝ A2 dependence for small A
was found also in Haldane–like system [15]. However, depen-
dence on A is not universal for Ω = Ω(t). Our data suggest
that optimal chirping ν depends on amplitude as νopt ∝ A2

for A < J .

Comment on finite size effects, finite-T , and experiment.
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Figure 3. (Color online) (a) Chirp ν dependence of maximal magne-
tization (at νt = 2) calculated for A = 0.01 , 0.1 , 1.0 and L = 9.
Note that results for A = 0.01 are multiplied by factor of 30 for clar-
ity. Lines are guides to the eye. (b) Amplitude dependence of mag-
netization for constant frequency Ω0 at t = 2 and time–dependent
frequency at νt = 2 for ν = 0.001, 0.01, 0.1, and 1.0 as calculated
for h = 0 and L = 9. Lines are guides to the eye.

Turning to the experimental realization, for the DTN
compound (J = 2.2K, D = 8.9K) the resonance
frequency is Ω0 ≈ XX THz(= 6J) and in the case
of chirping the maximal magnetization is reached for
Ω ≈ XX THz(= 4.5J). The laser with amplitude
2A ≈ XX T(= 0.2J) will maximally magnetize the
system, Mz(νt = 2) ≃ 0.7, in t ≈ XX ns = (200/J).

̸= (7)
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simple form

Ω(t) = ΩI − νt , (4)

where ΩI is an initial (t = 0) frequency and ν is the chirp, i.e.,
the “speed” of the change. Within such a notation ΩI = ΩR

and ν = 0 correspond to time independent Ω at the resonance
frequency. Furthermore, we will consider only h = 0 case,
i.e, ΩR = 6, and in our setup the laser is switched off at time
when Ω(t) = 0, e.g., by putting A = 0.

In Fig. 2a we are presenting magnetization dependence on
the initial frequency ΩI and fixed ν. In the same panel we are
also putting the results against semi–analytical, perturbative
in α = A/

√
ν solution of the toy model [23]

M̃z(t) =
|W (t)|2

1 + |W (t)|2
, (5)

where

W (t) =
√
2A

t
!

0

dt′ exp[−ı(Ωdiff − νt′)t′] ,

with Ωdiff = ΩI−ΩR. As is clearly visible, the overall agree-
ment is satisfactory. Especially for ΩI > ΩR, where the re-
sults are indistinguishable till the saddle point of W (t), i.e.,
τ = Ωdiff/2ν. From results presented in Fig. 2a it is obvi-
ous that the main effect of the exchange coupling J in the
dynamics of magnetization is at times beyond “transitions”
times (t ! τ ). The agreement between Eq. (5) and full model
at large times is incidental, since the later suffer from finite
size effects [23].

Magnetization depicted in Fig. 2b,c indicate that depen-
dence on the chirping ν is fairly different. Let’s focus first
on the case ΩI = ΩR (see Fig. 2b). At short times t " 10
Mz develops in the same way as for Ω0, reaching the local
maximum at t ∼ 10. However, the results for longer times re-
veal substantial differences. For this reason, in Fig. 2b we plot
our results for few values of ν in the function of normalized
time νt = ΩI −Ω(t), where such a scale represent amount of
change in frequency and all frequencies begin at t = 0 with
ΩI and reach Ω = 0 at νt = ΩI . While for a system with
ν = 0 the magnetization starts to oscillate around one value
(see Fig. 1a), for the ν ̸= 0 case it is increasing with the rate
dependent on ν, i.e., reaching maximum at νmaxt ∼ 2. E.g.,
for ν = 0.01 at t = 200 (νt = 2) we get ∼ 3 times bigger
magnetization than average value for constant ΩR. In Fig. 2b
it is also shown that magnetization remains in the system even
when we switch off the laser, e.g., by putting A = 0 at νt = 2.
On the other hand, in case of ΩI > ΩR (depicted in Fig. 2c)
our results show no or a little dependence on ν (in the normal-
ized scale νt). Such a behaviour fallows also from solution of
the toy model, Eq. (5).

Finally, let’s turn to for optimal laser protocol. Consider-
ation of the toy model give relevant scaling parameter α =
A/

√
ν. The α dependence of toy model magnetization isn’t

unique, especially for α > 1 and for Ωdiff " 2. On the other
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Figure 2. (Color online) Time dependence of magnetization calcu-
lated for L = 11, h = 0, A = 0.1. Panel (a) represent mag-
netization in the function of real time calculated for various initial
frequency ΩI = 6, 8, 10. Open points are adequate solutions of
toy model, Eq. (5). Dashed horizontal line represent average value
of magnetization for ν = 0 (ΩR = 6) solution. Panels (b) and
(c) represent magnetization in the function of normalized time νt
for ν = 0.005, 0.01, 0.02, 0.05 and different initial frequency ΩI .
Green, solid line in panel (b) represent development of the magneti-
zation (for ν = 0.01) after turning off the laser at time νt = 2. As
visible on panel (c), different chirps are indistinguishable for ΩI = 8
[color schemes as in panel (b)].

hand, we don’t observe strong dependence when α " 1 or
Ωdiff > 2. In the latter case, investigation of Eq. (5) in t → ∞
limit yield M̃z(∞) = 2πα2/(1 + 2πα2). In Fig. 3 we put
this results against exact calculation of toy model M̃z

full(∞)
and results from full S = 1 Hamiltonian (1).

As expected, the perturbative solution, Eq. (5), is in agree-
ment with full toy–model solution M̃z

full in the α ≪ 1 limit.

Experimental realization. Turning to the experimental re-
alization, for the DTN compound (J = 2.2K, D = 8.9K)
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Conclusion

Efficient protocol which induces magnetization  
without external magnetic field applied to the system 

2-level model yields correct physics, and give qualitative picture. 
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Light induced magnetization in a spin S=1 easy-plane antiferromagnetic chain 
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Pulse with constant frequency explained  
with ESR resonance lines

With proper pulse chirp we can fully magnetize the system

Paul H. M. van Loosdrecht

Experiment:
Matteo Montagnese

2-level predictions describes large variety of models


